The four-point Green's function of static QED, where a fermion and an antifermion are 
One of the puzzling features of the Bethe−Salpeter equation [1, 2, 3] is the appearance in the bound state spectrum of abnormal solutions corresponding to excitations of the relative energy (or relative time) [3, 4] . These states do not have nonrelativistic counterparts, neither do they appear in the hamiltonian formalism. The first example of such states was provided by the Wick−Cutkosky model [5, 6] , where, in the one scalar photon exchange approximation, an infinite number of new states, with a new quantum number, appeared in the bound state spectrum for values of the coupling constant greater than a critical value. It was also established that these states did couple to the two-particle Green's function [7] .
The fact that the presence of abnormal states is due to the excitations of the relative time was checked by the analysis of the problem in the static model [8] , in which two fermions are held fixed at definite positions in space. In this case the whole set of excited states should come entirely from the relative time excitations. It was again found that in the one-photon exchange approximation an infinite number of abnormal states exist when the coupling constant exceeds a critical value.
It was suspected [5] that the appearance of abnormal solutions might be due to the one-photon exchange approximation and that multiphoton exchange contributions might remove them from the spectrum. In this connection the exact static model was analyzed by Mugibayashi [9] . Using hamiltonian formalism he derived a second order differential equation that he identified with the Bethe−Salpeter equation. This equation had again an infinite number of abnormal states (for massless photons); the situation was even worse than before, since these were now appearing for any value of the coupling constant.
The trouble with Mugibayashi's result is that it is in obvious contradiction with experimental data: no such states are observed in QED. [Mugibayashi's scalar interaction can be transposed to QED.] On the other hand, the one-photon approximation results might still escape experimental tests, since the QED coupling constant α is far below from the critical value at which abnormal states appear.
These troublesome results and conclusions have led us to reanalyse the static model. Wick's conjecture [5] that abnormal states are spurious solutions due to the one-photon exchange approximation.
The absence of abnormal solutions in the static model has also its relevance for Heavy Quark Effective Theory, which is formulated as an expansion around the static model [10] .
We now turn to the details of the calculations. We consider spinor electrodynamics in the static limit where one fermion and one antifermion are held fixed at definite space positions. The corresponding lagrangian density, in an arbitrary linear covariant gauge characterized by a parameter ξ, is:
Since the spacelike components of the γ-matrices are absent, the fermion fields can be classified according to the eigenvalues of the matrices γ 0 (+1 for the fermion, −1 for the antifermion). In the Feynman gauge, the above lagrangian density becomes equivalent, for its mutual interaction part, to that of the scalar interaction considered in Ref. [9] .
The four-point Green's function describing the scattering of the two particles is defined, up to a normalization factor, by the functional integral:
where S = d 4 xL(x) is the action and J 0 is an external source for the field A 0 . To calculate this integral we eliminate the interaction term in S by the following transformations of the fermion fields:
where
designates a primitive of A 0 (x) with respect to x 0 , 1 ∂ 0 being defined in momentum space as the principal value of i/k 0 . The Jacobian of these transformations is unity and we obtain for G:
where S 0 is the free action .
The remaining integration in the functional integral is gaussian and yields in a straightforward way:
where G 0 is the free two-particle propagator,
and J 0 is:
For J 0 = 0 one has:
In the argument of this exponential the terms proportional to g 2 i (i = 1, 2) contribute to the mass and wave function renormalizations. After carrying out the latter renormalizations (we shall continue denoting by the same notations the renormalized masses) and setting
we obtain from Eq. (8) for the renormalized Green's function:
where χ ξ and h iξ (i = 1, 2) are defined as:
where r 0 (≃ 0) is the renormalization short distance regulator. Notice that χ is an even function of x 0 . The functions h iξ come from the one-fermion propagator renormalizations.
They represent the cloud of scalar and longitudinal photons usually appearing in covariant gauges [11] . Their effect in momentum space consists in replacing the pole of the propagator by a power law singularity. A similar effect is also contained in the second term of χ ξ .
In the absence of radiative corrections (h ξ = 0), formula (10) can also be obtained by directly summing the Feynman diagrams corresponding to the multiphoton excahanges and contributing to the fermion-antifermion scattering amplitude. Because of the linearity of the denominators of the fermion propagators in momentum space [Eqs. (6) ], the summation technique of the eikonal approximation [12] can be applied in exact fashion, with the fermions kept off their mass shell. When radiative corrections are present, the calculations are more involved. The emission amplitude of n photons from a fermion line is completely determined, through successive uses of Ward-Takahashi identities, in terms of the fermion propagator. After this step, the eikonal summation technique can be applied with appropriate adaptations and formula (10) is reached.
In the following we shall use for the total and relative variables the notations:
To extract from the Green's function (10) the bound state spectrum of the theory we let the time t tend to infinity, keeping x 0 and x ′0 fixed. Because of the cluster decomposition [2] , the Green's function behaves in general for infinite time separation as:
In this limit the Green's function (10) yields only one exponential factor and behaves as:
This behavior signals the presence of one bound state with energy
which is gauge invariant. Notice that the contributions of the scalar and longitudinal photon clouds in the functions χ ξ and h iξ have cancelled each other in the limit t → ∞.
This is a consequence of the electric neutrality of the bound state considered here.
The above result about the bound state spectrum can also be obtained by analyzing the Green's function in total momentum space. After the isolation of the ground state pole (16), no other infinite type singularities appear.
We conclude from this calculation that the static model has only one bound state, the normal one, and no abnormal states exist.
We next turn to the analysis of the problem by means of the Bethe-Salpeter equation.
By functional methods [13] one establishes the following equation for the Green's function:
and a similar one with the interchanges 1 ↔ 2. Here G i0 (i = 1, 2) is the free propagator of fermion i [Eq. (6) ]. The complete expression of the Green's function [Eq. (5)] can then be used to transform these equations into integro-differential equations for G. Equivalently, one can directly apply the operators G −1 i0 (i = 1, 2) on the expression (10) of G. One obtains the following two differential equations (we omit radiative corrections, which actually disappear from the subsequently derived wave equations):
where the prime on χ designates the derivative with respect to the temporal argument:
[χ
Continuing the procedure, one also obtains a second order differential equation for G:
Wave equations satisfied by the Bethe−Salpeter wave function are obtained by formally taking in the previous equations for G the limit t → ∞ [Eq. (13)], using the cluster decomposition (14) and eliminating by integration on X ′0 all the amplitudes φ n but one [2] . One finds:
In the Feynman gauge these equations reduce to those obtained by Mugibayashi [9] with the hamiltonian formalism.
Equations (21a)-(21b) yield for φ a single bound state with the energy (16) and wave
with C, a constant.
Equation (22) diagram to the kernel can be explicitly calculated. In the Feynman gauge it reads: The absence of abnormal states in the Bethe−Salpeter equation can also be verified using gauge invariance of the lagrangian density (1) (up to the gauge-fixing term) and working in the Coulomb gauge. In this gauge, the expression of the Green's function is obtained from Eqs. (10)- (11) by the replacement of the photon propagator contribution by −1/k 2 . This amounts to replacing h ξ by zero and χ ξ by χ C with:
For large time separations, the Green's function behaves as:
it displays one bound state with energy given by Eq. (16).
The equivalent equations to Eqs. (21a), (21b) and (22) become: 
The above transformation laws, which reflect general properties of the Bethe-Salpeter wave function [15] , imply that if a bound state exists in one gauge, it should also exist in any other gauge. This results from the fact that the exponential factors involve the difference of two χ's and hence do not qualitatively modify (in euclidean space) the dominant asymptotic behavior of the wave functions.
It can be checked that these transformations applied on Eqs. The previous calculations can also be repeated with a massive photon with mass µ. 
We deduce that there is only one bound state, the normal one.
In summary, the exact expression of the four-point Green's function in the static model does not display any abnormal state. In the one-photon exchange approximation (in covariant gauges), the situation is similar to that of the Wick−Cutkosky model, where abnormal solutions appear for sufficiently large values of the coupling constant.
The present study shows that the multiphoton exchange contributions sum up to sweep away the previous phenomenon and to reestablish a normal structure of the bound state spectrum. Since the phenomenon of the abnormal states is solely due to the relative time excitations, the results obtained in the static model, where spacelike motion is frozen, should survive in the more general case of four-dimensional theory.
